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Abstract
We show that the standard perturbative (i.e., cubic) description of the thermal nonlinear response
of small metal nanospheres to intense continuous wave illumination is insufficient already beyond
temperature rises of a few tens of degrees. In some cases, a cubic-quintic nonlinear response is
sufficient to describe accurately the intensity dependence of the temperature, permittivity and
field, while in other cases, a full non-perturbative description is required. We further analyze the
relative importance of the various contributions to the thermal nonlinearity, identify a qualitative
difference between Au and Ag, and show that the thermo-optical nonlinearity of the host typically
plays a minor role, but its thermal conductivity is important.
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I. INTRODUCTION
Nonlinear optical effects are usually considered weak. For example, typical second-order
nonlinear processes such as second harmonic generation have efficiencies of a few percent
for nonlinear crystals a few mm in length [1]. Third-order nonlinear effects are usually
weaker and occur on even longer distances, see for example, self-phase modulation in op-
tical fibers [2] or even in highly nonlinear semiconductor waveguides [3]. Accordingly, the
vast majority of theoretical studies of nonlinear optical effects are performed within the
framework of a perturbative description, i.e., involving, at most, a third-order (equivalently,
cubic) nonlinearity.
Ultrafast nonlinearities are particularly weak. However, even the much stronger slow
nonlinearities are limited to modest permittivity changes due to saturation effects (see [4]
and references therein), phase transitions (e.g., in liquid crystals), or damage.
Here, we study a case, unique, to the best of our knowledge, whereby the perturbative
description is insufficient, sometimes even requiring to go beyond a cubic-quintic nonlinearity
to a full non-perturbative description. In particular, we consider a continuous wave (CW)
illumination of a few nm metal sphere. We will focus on the thermal effect, known to be
among the strongest sources of optical nonlinearity, with the dual aim of demonstrating
the failure of the perturbative (cubic) description and identifying the importance of the
various underlying physical effects. While doing so, we will elucidate the quantitative and
qualitative differences between the strength of the thermal nonlinearity in the ultrafast and
CW cases. This is important because while the former is well-studied, the latter, i.e., the
CW case, has been practically ignored.
In that sense, this study was motivated by recent measurements of the extremely strong
scattering of intense CW light from small metal particles [5–9], which, although being con-
ceptually simple, are first of their kind. Further, this study was made possible by recent
ellipsometry measurements of metal permittivities at elevated temperatures [10–13]. Thus,
although we present here rather simple theoretical calculations, we emphasize that the ap-
proach is quite realistic. Indeed, it was already shown in [14] that the thermal effect repro-
duces qualitatively the experimental results of [5–9]. In the current article, we go beyond [14]
and study this problem systematically and quantitatively, classifying the importance of the
various contributing physical effects using numerical simulations and an approximate anal-
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ysis. We identify qualitative differences between Au and Ag spheres, as well as between
various hosts. This allows us to show that unless the host undergoes a phase transition
(e.g., boiling), it has a relatively smaller role compared to the metal. Overall, all cases re-
quire a description beyond the standard perturbative description of the nonlinear response.
In some cases, a cubic-quintic nonlinear response can capture the intensity dependence of the
temperature, permittivity and field, while in other cases, a full non-perturbative description
is required.
This study provides an important step towards reaching a quantitative understanding
of the nonlinear scattering observed in [5–9] (i.e., matching theoretical predictions to the
experimental data). It also allows us to predict so far unobserved behaviour, so that if
observed experimentally, further support to the claims of the dominance of the thermal
effects will be obtained.
The paper is organized as follows. In Section II, we describe the basic assumptions of the
model, and in Section III we develop the model equations for the temperature, permittivity
and field within the nanosphere. We then proceed by several numerical examples (Sec-
tion IV) and complement the numerical results with an approximate analysis (Section V).
Section VI provides a discussion of the results and an outlook.
II. MODEL ASSUMPTIONS
In what follows, we denote the quantities within the metal nanosphere (host) with a
subscript m (h), and label the ambient properties by a 0 superscript.
We consider spheres which are sufficiently small so that the field and temperature within
the metal nanosphere (Em and Tm, respectively) are approximated as being uniform. The
former assumption, known as the quasi-static approximation, is justified for particles suffi-
ciently small with respect to the wavelength; the latter is valid when the host has a relatively
lower thermal conductivity compared with the sphere (i.e., κh ≪ κm).
We assume that the nanospheres exhibit only linear (one-photon) absorption. While we
do not expect multi-photon absorption to yield anything more than a quantitative change to
the results shown below, it is also worth noting that the absorption cross-sections of multi-
photon processes are difficult to distinguish from the many other effects (e.g., the thermal
effect, free-carrier generation, stress/strain etc.), and are in general not well characterized,
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hence, difficult to quantify at this stage.
Further, we assume a linear dependence of the permittivity on the temperature, namely,
ǫm(T ) = ǫ
′
m,0 +
dǫ′m
dT
∣∣∣∣
T 0
h
(T − T 0h ) + i
(
ǫ′′m,0 +
dǫ′′m
dT
∣∣∣∣
T 0
h
(T − T 0h )
)
, (1)
where T 0h is the temperature of the host away from the nanosphere. This was shown to be
the case at least up to several hundreds of degrees in recent ellipsometry measurements of
Au [12, 13] thin films; the data in these studies was remarkably similar and was in excellent
agreement with an earlier study [10] performed over a narrower temperature range. Similar
behaviour was also seen for a Ag film [11], which describes probably the most detailed study,
to date, of the temperature dependence of the Ag permittivity (in terms of wavelength and
temperature range); it also includes an attempt to eliminate the effects of roughness, and
is complemented with a first-principles calculation of the permittivity. It should be noted,
however, that in contrast to the case of Au, the Ag results of [11] were not always in
agreement with earlier studies; the authors of [11] included a detailed comparison and a
discussion of the possible reasons for these differences. The most probable reason is the
relatively large grain size, and the potential modification of the metal volume morphology
at high temperatures, during and after the measurement themselves, see corresponding
discussion in [12, 13].
Similarly, we assume for the host media that ǫh = ǫ
′
h,0 + dǫ
′
h/dT |T 0h(T − T
0
h ). Finally,
we assume that the thermal conductivity also varies linearly with temperature, i.e., κh =
κh,0 + dκh/dT |T 0
h
(T − T 0h ). Under the current conditions, the thermal conductivity can also
account for the temperature dependence of the Kapitza resistance via a slight modification
of the solution adopted here (see Eq. (2) below) [14, 15].
For brevity, in what follows, we denote Bm ≡ dǫm/dT |T 0
h
= B′m + iB
′′
m, B
′
h = dǫ
′
h/dT |T 0h
and Bκ,h ≡ dκh/dT |T 0
h
. For simplicity, we consider hosts which exhibit negligible absorption
(B′′h = 0), however, any non-zero contribution will cause only a quantitative difference.
III. MODEL
We showed in [14] that the temperature inside a few nm sphere under intense monochro-
matic illumination is uniform, and given by
∆T ≡ Tm − T
0
h =
a2
3κh(T )
pabs(T ), pabs(T ) ≡
ω
2
ǫ0ǫ
′′
m(T )
∣∣∣ ~Em∣∣∣2 , (2)
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where a is the sphere radius, ω is the angular frequency of the incoming photons, ǫ0 is the
vacuum permittivity, and where
~Em =
3ǫh(T )
ǫ′tot(T ) + iǫ
′′
m(T )
~Einc, (3)
is the field inside the nanosphere, ~Einc is the incident field amplitude, and ǫ
′
tot(T ) ≡ 2ǫh(T )+
ǫ′m(T ).
With the assumptions above, Eqs. (2)-(3) reduce to a 4-th order polynomial equation in
∆T , namely,
Bκ,h
κh,0
B′tot
2 +B′′m
2
ǫ′′m,0
2︸ ︷︷ ︸
a4
∆T 4 +
[
B′tot
2 +B′′m
2
ǫ′′m,0
2 + 2
Bκ,h
κh,0
B′totǫ
′
totB
′′
mǫ
′′
m,0
ǫ′′m,0
2 −∆T
on
lin
B′2h
ǫ′2h,0
B′′m
ǫ′′m,0
]
︸ ︷︷ ︸
a3
∆T 3
+
[
2
B′totǫ
′
tot +B
′′
mǫ
′′
m,0
ǫ′′m,0
2 +
Bκ,h
κh,0
(
1 +
ǫ′tot
2
ǫ′′m,0
2
)
−∆T onlin
(
2
B′h
ǫ′h,0
B′′m
ǫ′′m,0
+
B′h
2
ǫ′2h,0
)]
︸ ︷︷ ︸
a2
∆T 2
+
[(
1 +
ǫ′tot
2
ǫ′′m,0
2
)
−∆T onlin
(
B′′m
ǫ′′m,0
+ 2
B′h
ǫ′h,0
)]
︸ ︷︷ ︸
a1
∆T = ∆T onlin, (4)
where B′tot ≡ B
′
m + 2B
′
h and
∆T onlin ≡
3a2ωǫ0ǫ
′2
h,0|
~Einc|
2
2κh,0ǫ
′′
m,0
=
3a2ωn3h,0Iinc
4cκh,0ǫ
′′
m,0
> 0, (5)
is the temperature rise in the on-resonance linear case [39] (see below) and where Iinc =
2
√
ǫ′h,0|
~Einc|
2/Z0 is the incident intensity. More generally, ∆T
on
lin is proportional to Pabs, the
density of power absorbed within the sphere, namely, ∆T onlin = Pabs/4πκh,0a [16]. Eq. (5)
shows that under the quasistatic approximation used here, a change of the nanosphere radius
or thermal conductivity of the host is equivalent to a rescaling of the incident intensity.
We note that all the coefficients in Eq. (4) involve only the ratios of a thermo-derivatives
of the respective parts of the permittivities and the permittivities themselves (ǫ′′m,0 or ǫ
′
h,0).
It is clear that one can distinguish between two generic scenarios - when the illumination
is on-resonance (ǫ′tot ≪ ǫ
′′
m,0) or off-resonance (otherwise). We showed in [14] that there is
a qualitative difference between these two cases, something which can, in fact, be observed
from the solution of the linear case (i.e., the solution of Eq. (4) where all the thermo-
derivatives vanish),
∆Tlin =
ǫ′′m,0
2
ǫ′′m,0
2 + ǫ′tot
2∆T
on
lin. (6)
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Indeed, Eq. (5) shows that in the off-resonance case, the temperature rise is higher for
increasing ǫ′′m,0, while the opposite is true for the on-resonance case.
With the solution for the temperature in hand, the permittivity is given by Eq. (1) and
the field within the nanosphere by Eq. (3). Specifically,
~Em (∆T (Einc)) =
3(ǫ′h,0 +B
′
h∆T )
ǫ′tot +B
′
tot∆T + iǫ
′′
m,0 + iB
′′
m∆T
~Einc
=
3ǫ′h,0
ǫ′tot + iǫ
′′
m,0

 1 + B′hǫ′h,0∆T
1 +
B′tot+iB
′′
m
ǫ′tot+iǫ
′′
m,0
∆T

 ~Einc, (7)
where [17, 18]
f ≡ 3ǫ′h,0/(ǫ
′
tot + iǫ
′′
m,0), (8)
is the usual Figure of Merit for field enhancement inside a nanosphere [17], sometimes
referred to as the Faraday number [19]. At resonance, this reduces to
~Em (∆T (Einc)) =
3ǫ′h,0
iǫ′′m,0
1 +
B′
h
ǫ′
h,0
∆T
1 +
(
B′′m
ǫ′′m,0
− i
B′tot
ǫ′′m,0
)
∆T
~Einc
∼=
3ǫ′h,0
iǫ′′m,0
(
1 +
B′h
ǫ′h,0
∆T
)(
1−
(
B′′m
ǫ′′m,0
− i
B′tot
ǫ′′m,0
)
∆T
)
~Einc
∼= −if (res)
[
1−
(
B′′m
ǫ′′m,0
−
B′h
ǫ′h,0
− i
B′tot
ǫ′′m,0
)
∆T
]
~Einc
=
[
1−
(
B′′m
ǫ′′m,0
−
B′h
ǫ′h,0
− i
B′tot
ǫ′′m,0
)
∆T
]
~Em
(
T = T 0h
)
, (9)
where f (res) ≡ 3ǫ′h,0/ǫ
′′
m,0. Note that we expanded the denominator to first order accuracy
in ∆T , the accuracy level of Eq. (1).
If the intensity is low, then ∆T → ∆Tlin. In this case, Eqs. (5)-(6) provide the per-
turbative description of the thermal nonlinearity of metals (as a cubic nonlinearity), where
χ
(3)
m | ~Em|
2 ∼ Bm∆Tlin [18]. Any deviation from this solution, specifically, employing higher
intensities, or due to a deviation from the linear dependence of the coefficients on the pa-
rameters will give rise to a deviation from the standard perturbative description of a cubic
nonlinear response. While this may not be a new or surprising observation, unlike the well-
studied ultrafast nonlinearity, the CW nonlinearity of metals in general, and of a single
metal nanosphere, in particular, was not studied systematically at all. Accordingly, we aim
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here to study this case in detail and to show that the perturbative (cubic) description is
insufficient in a wide range of configurations.
Specifically, we will solve Eq. (4) and compute the permittivity (1) and field (3) for a
varying level of illumination. Despite its considerable simplicity, the analytical solution of
Eq. (4) is too complicated for meaningful physical analysis. Accordingly, we proceed by a
numerical solution of Eq. (4). In all the examples below, we will limit ourselves to a maximal
temperature rise of ∆T ≈ 300◦K ∼ T 0h , a range in which the assumptions detailed above
should hold [12]. In this range, one avoids sintering and melting of the metal [20] as well as
damage to the host. The quantitative discussion below will refer to the values obtained at
the maximal incoming intensity.
We focus on Au and Ag, for which the temperature dependence of the permittivity was
recently characterized [10–13]. We consider generic dielectric hosts such as an index match-
ing oil and a (solid) semiconductor. Additional material choices can be analyzed along the
same lines. Note we avoid water as a host in order to avoid complications associated with
the limited range of temperature increase before boiling, super heating and bubble forma-
tion [21–23]. Our wavelength choices are rather customary, so that overall, the examples
below are fairly generic.
IV. NUMERICAL EXAMPLES
A. Au nanospheres in a liquid host
We set λ = 550nm such that ǫAu,0 = −5.3 + 1.76i and BAu = (0.7 + 1.7i) · 10
−3/◦K [13]
so that with a liquid host for which ǫh = 2.65, the illumination is resonant. We also set
κh,0 = 0.15 W/m/
◦K and B′h = 10
−4/◦K [24]; these three parameters correspond to an
index matching oil, used in the experiments of [5–9]. In the absence of concrete data, we
estimate Bκ,h = 5 · 10
−5 W/m/◦K2 such that Bκ,h/κh,0 ∼ 3 · 10
−4/◦K, and at ∆T = 300◦K,
the change of κh is ∼ 10%.
Fig. 1(a) shows that the temperature grows monotonically with the incoming intensity,
but with a decreasing slope; we refer to this behaviour as a “saturation” of the thermal
response. The deviation of the solution of the 4-th order polynomial (4) from the standard
linear solution (5), i.e., the solution of Eq. (4) with a2 = a3 = a4 = 0, reaches several tens
7
of percent. However, this deviation decreases to less than 10% and even less than 0.5% if
the second order (i.e., with a2 6= 0) and third order (a2, a3 6= 0) terms, respectively, are
accounted for. The addition of the fourth-order term (i.e., also with a4 6= 0) has a very
small effect.
Figs. 1(b)-(c) show the changes of the real and imaginary parts of the Au permittivity,
respectively. The relative change of ǫ′Au is a few percent, but the relative change of ǫ
′′
Au is
∼ 26%. Figs. 1(b)-(c) also show the fit to the exact solution of Eq. (4), with either a first- or
second-order polynomial in the incoming intensity, corresponding to a cubic or cubic-quintic
approximation of the nonlinear response, respectively [40]. As seen, the cubic fit provides
a good match to the exact results only up to a temperature rise of a few tens of degrees, so
that the standard perturbative (cubic) description is inadequate. Instead, the cubic-quintic
fit provides a decent match to the exact solution within the current temperature range,
reflecting the “saturation” of the thermal effect, or equivalently, the decrease of the quality
factor of the plasmonic resonator.
Finally, Fig. 1(d) shows the field within the nanosphere. As expected, it decreases due to
the increase of the imaginary part of the permittivity. Again, while the cubic fit is accurate
only for a limited range of temperatures (hence, intensities), the cubic-quintic fit provides
quite a satisfactory fit of the exact numerical results.
Since B′tot∆T = O(10
−1)≪ ǫ′′Au,0 for the temperature rise of O(100
◦K) studied here, we
see that typically, the changes of the field due to the changes of the real part of the Au
permittivity, corresponding to a spectral shift of the resonance position, are smaller than
those incurred by the changes to the imaginary part. In other words, the fact that the
plasmonic resonance is typically broad, and the relative larger magnitude of B′′Au, make the
system relatively less sensitive to changes of the real part of the Au permittivity. As shown
below, this conclusion does not apply to Ag nanospheres. In that regard, a direct test of the
importance of B′m and B
′
h shows that their neglect leads to a maximal error smaller than 1%
(∼ 3◦K) in the temperature rise (with respect to a ∼ 100% total change of ∼ 300◦K) [41].
However, neglecting Bκ,h/κh,0 leads to a relative error of ∼ 7% for the temperature rise [42].
As shown below, this occurs because to leading order, Bκ,h/κh,0, affect the temperature
rise on the same order as B′′m/ǫ
′′
m,0, so that it is more influential compared to the other
thermo-derivatives.
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FIG. 1: (Color online) (a) The temperature rise (i.e., ∆T , the solution of Eq. (4); black solid line)
inside a Au sphere in a liquid host (ǫh = 2.65) illuminated at λ = 550nm as a function of the
incident intensity. The solutions accounting for up to third/second/first order terms are shown
by blue dashed/red dash-dotted/magenta dotted lines, respectively; however, in the current case,
the black and blue lines are essentially indistinguishable. (b) Real and (c) imaginary parts of the
Au permittivity as a function of the incoming intensity, based on the exact solution of Eq. (4)
(black solid line) compared with its cubic approximation (red dash-dotted line) and a cubic-quintic
approximation (magenta dotted line). (d) Same as (b)-(c) for the normalized electric field within
the nanosphere.
B. Au nanospheres in a AlGaAs host
We now choose a solid host, specifically, AlxGa1−xAs with x = 30% Al content, such
that the host is transparent up to the visible spectral range, and exhibits a rather high
permittivity of ∼ 13 near the band edge (i.e., about 5 times higher than the oil liquid
employed above). Accordingly, the localized plasmon resonance occurs at λ = 800nm where
ǫAu,0 = −26.5 + 2i [12]; in addition, BAu = (2 + 2.6i) · 10
−3/◦K which corresponds to the
largest value of B′′Au/ǫ
′′
Au,0 in the optical spectral domain.
This choice of Al content also corresponds to nearly minimal value of thermal conductivity,
κh,0 ≈ 13 W/m/
◦K [25], i.e., about 100 times higher than for oil, but still about 20 times
smaller than for metals. Thus, the error associated with neglecting the temperature non-
uniformity amounts to no more than 2% [14]. This error is much smaller than all the effects
demonstrated below.
Based on data for GaAs [26], we estimate B′AlGaAs ≈ 2 · 10
−3/◦K(such that
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B′AlGaAs/ǫ
′
AlGaAs,0 ∼ 10
−4/◦K; this is similar to the liquid, and about an order of magnitude
smaller than the corresponding ratio for metals [43]) and estimate Bκ,h = 5 · 10
−4W/m/◦K2
such that at ∆T = 300◦K, the change of κh is ∼ 1%, i.e., it is negligible. We ignore
strain/stress that may develop within the solid host due to the heating. These effects may
only increase the nonlinear response.
Fig. 2 shows results which are qualitatively similar to the case of liquid host (Fig. 1),
however, for ∆T onlin which is 13 times smaller. This shows, in contrast to what one may
expect based on the ultrafast case (see, e.g., [17, 19], Eqs. (7)-(9) and discussion below),
that the metal-semiconductor system is less nonlinear than the metal-liquid system. This is
a direct result of the heat diffusion in the host, and more generally, of the spatially non-local
nature of the thermal nonlinearity in the system, causing lower effective heating of the metal
nanosphere.
Another striking difference between Fig. 1 and Fig. 2 is that in the latter, neither the cubic
nor the cubic-quintic fits provide a good match to the exact variations of the permittivity
and field. As will be shown below, this can be traced to the relatively larger value of the
(relative) change of the real part of the metal permittivity.
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(d)
FIG. 2: (Color online) Same as Fig. 1 for a Al0.3Ga0.7As host with λ = 800nm and ǫh = 13.
C. Ag nanospheres in a liquid host
We now replace the Au spheres with Ag spheres and set λ = 450nm such that ǫAg,0 =
−4.7 + 1.55i and BAg = (−46 + 2.5i) · 10
−4/◦K [11]. Note that at this wavelength, the
thermo-derivative of the real part of the metal permittivity is 7 times higher than Au, and
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has the opposite sign; in addition, the thermo-derivative of the imaginary part is much
smaller than in previous examples.
The temperature rise shown in Fig. 3(a) is reminiscent to those shown above, however,
in contrast to previous cases, the real part of the permittivity of the Ag particle decreases
(rather than increases). More importantly, although Fig. 3(d) shows results which look
quantitatively similar to the cases of Au particles, the reason for the decrease of scattering for
the Ag particles is different - it originates from the change of the real part of the permittivity
rather than the change of the imaginary part, i.e., the field decreases due to a shift away
from resonance, rather than due to a decrease of the quality factor of the resonator. Indeed,
the change of the real part (Fig. 3(b)) is far larger than the change of the imaginary part
(Fig. 3(c)). This dominance also makes the cubic-quintic fit quite satisfactory, in contrast
to what is seen in Fig. 2.
This observation prompts us to predict the opposite behaviour, so far not observed ex-
perimentally. Specifically, if the illumination is initially non-resonant, the heat generation
can cause the system to shift into resonance, hence, the quality factor and local field am-
plitude to increase. This is shown in Fig. 4. Peculiarly, this example shows a deviation
from the perturbative description in (a), yet, (b)-(d) are well described by a cubic-quintic
nonlinearity.
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FIG. 3: (Color online) Same as Fig. 1 with Ag nanospheres and λ = 450nm and ǫh = 2.35.
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FIG. 4: (Color online) Same as Fig. 3 with ǫh = 3.25.
V. MORE ANALYSIS AND SIMPLIFICATION
We now try to simplify Eq. (4) by identifying the leading order terms, in order to com-
plement the numerical solutions shown above with an approximate analysis, valid for the
moderately high intensity range. This is especially important in order to emphasize the
deviation from the perturbative description of the nonlinear response and to elucidate the
relative importance of the various physical effects and how each of them affects the temper-
ature, permittivity and field.
The easiest way to obtain analytical insights is, as already done in the numerical simula-
tions above (see red lines in Figs. 1(a) & 2(a)), to limit ourselves to small intensities, hence,
to a small temperature rise, such that it is justified to keep only the terms up to the second
order of ∆T in Eq. (4), i.e., to set a3 = a4 = 0. In this case,
∆T =
a1
2a2
(√
1 + 4
a2
a12
∆T onlin − 1
)
. (10)
This shows that in general, the temperature rise does not scale linearly with the incoming
intensity (via ∆Tlin (6)) as one would expect from the perturbative description; instead, it
follows a square-root law, i.e., it grows more slowly (for a2 > 0, which is the usual case,
see discussion below); we referred to this behaviour as a “saturation” of the thermal effect.
This is in agreement with the numerical results shown above.
For even smaller intensities, we can expand the square root in a Taylor series [44] such
that
∆T =
∆T onlin
a1
−
a2
a31
(∆T onlin)
2 + · · · , (11)
where ∆T onlin (5) scales with Iinc, a
2, and κ−1h,0; similarly, the nonlinear correction to the
temperature scales with I2inc, a
4, and κ−2h,0.
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Eqs. (1), (4) and (11) show that the relative importance of a specific physical effect (i.e.,
a specific thermo-derivative) is related to the highest order coefficient of (4) it appears in,
e.g., the cubic term depends on a1, the quintic depends also on a2 etc.. Specifically, this
shows that Bκ,h/κh,0 affects the temperature rise and field (7) only via the quintic term.
We also note, however, that some of the contributions to the coefficients a1 to a3 are
proportional to ∆T onlin. These will, naturally, contribute only to the next order in ∆T
on
lin (or
equivalently, in Iinc). Specifically, this shows that although B
′
h appears in a1, it too affects
the temperature rise ∆T only via the quintic term. Note that somewhat unintuitively, this
is lower than its effect on the field (3).
Further distinction between the various contributions can be attained by noting that
typically, the permittivity of a (host) dielectric material is less sensitive to temperature than
the metal, i.e.,
B′h/ǫ
′
h,0 ≪
∣∣B′m/ǫ′′m,0∣∣ , ∣∣B′m/ǫ′m,0∣∣ , ∣∣B′′m/ǫ′′m,0∣∣ . (12)
Indeed, one can compare e.g., recent ellipsometry results [11–13] with values detailed in [1];
see also specific examples above [45]. Accordingly, although it appears in the quintic term,
the contribution of B′h to the temperature rise ∆T is small relative to B
′′
m such that it affects
∆T only for very high incoming intensities, beyond the cubic-quintic description. Again,
this is lower than its effect on the field (3).
Even further distinction can be made for a specific spectral configuration. At resonance,
i.e., for ǫ′′m,0 ≫ ǫ
′
tot → 0, Eq. (4) reduces to[
2
B′′m
ǫ′′m,0
+
Bκ,h
κh,0
−∆T onlin
(
2
B′′mB
′
h
ǫ′′m,0ǫ
′
h,0
+
B′2h
ǫ′2h,0
)]
︸ ︷︷ ︸
a2
∆T 2 +
[
1−∆T onlin
(
B′′m
ǫ′′m,0
+ 2
B′h
ǫ′h,0
)]
︸ ︷︷ ︸
a1
∆T = ∆T onlin.
(13)
Organizing the orders of ∆T onlin, Eq. (11) reduces to
∆T = ∆T onlin −
(
B′′m
ǫ′′m,0
+
Bκ,h
κh,0
+ 2
B′h
ǫ′h,0
)
(∆T onlin)
2 + · · · . (14)
Thus, the thermo-derivatives affect the temperature rise ∆T via the quintic or higher
order terms. Note that the various terms may not necessarily have the same sign, so that
they can balance each other. However, by Eq. (12), B′h/ǫ
′
h,0, is typically smaller with respect
to B′′m/ǫ
′′
m,0, so that the sign of B
′
h is of lesser importance and the quintic coefficient can
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be simplified. In addition, Eq. (14) shows that in this case, B′m appears only beyond the
quintic-order. These two facts a-posteriory justify the numerical results shown in [14] and
in Section IVA.
In addition, Eq. (14) explains the failure of the cubic-quintic fit in the Au-AlGaAs case
(Section IVB and Fig. 2). Indeed, in this case, the relative larger value taken by B′Au makes
the a3 term in Eq. (4) relatively more important than in the liquid host case, hence, it gives
rise to a deviation from the cubic-(quintic) description.
However, Eq. (14), which does not account for B′m, fails to reproduce the results of Figs. 3-
4 where the contributions of Bκ,h and B
′′
m are relatively small. Indeed, in these cases, the
a3 and a4 terms of Eq. (4) are of comparable magnitude to that of the a2 term already for
a small temperature rise and the approximation (10) is not valid anymore.
Away from resonance, i.e., for ǫ′tot ≫ ǫ
′′
m,0, Eq. (11) can be approximated by
∆T ≈
(
ǫ′′m,0
ǫ′tot
)2
∆T onlin −
(
B′′m
ǫ′′m,0
+ 2
B′h
ǫ′h,0
+
[
2
B′totǫ
′
tot
ǫ′′m,0
2 +
Bκ,h
κh,0
(
ǫ′′m,0
ǫ′tot
)−2](ǫ′′m,0
ǫ′tot
)6)
(∆T onlin)
2 + · · · .
(15)
Thus, with respect to the on-resonance case, the cubic term is smaller and for the quintic
case, the weights of the various thermo-derivatives are different. Specifically, the quintic term
now includes also B′m. This explains the relatively larger role played by B
′
Ag in Figs. 3 and 4
compared to all other examples. Eq. (15) would be also relevant to thin films (assuming no
means for phase matching is adopted).
VI. DISCUSSION
The numerical examples and consequent approximate analysis above show that the non-
linear thermal response is cubic only for a modest temperature rise of a few tens of degrees;
this is a regime where the nonlinear response is, in fact, frequently ignored altogether [16].
Beyond this range, a cubic-quintic nonlinear response is sufficient in cases where either B′m or
B′′m dominate all other thermo-derivatives. Otherwise, a fully non-perturbative description
of the thermal response is required.
Overall, the changes of the metal permittivity dominate the nonlinear thermal response
of the nanosphere configuration. However, this does not mean that the effects of thermal
lensing due to heating of the host are secondary. Indeed, the host occupies, in general, a
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much larger fraction of space; their role should anyhow be studied in the context of effective
medium theory, which is beyond the scope of the current study.
We note that all the cases studied here involved B′′m > 0, leading typically to the “ther-
mal saturation” described above - the temperature grows more slowly at high intensities
compared to low intensities. In turn, this leads to a decrease of the internal and scattered
fields with increasing intensity [14]. This behaviour was indeed observed in all experiments
of nonlinear scattering from metal nanoparticles under CW illumination performed so far [5–
9][46]. However, the ellipsometry data reveals narrow spectral regimes where B′′m < 0, e.g.,
for Au for λ < 500nm (due to the effect of the Fermi smearing on the interband transi-
tions [27, 28]). This regime is, however, out of the resonance band, hence, the response of
the system is expected to be weak in this regime. For Ag [11], a much narrower regime
in which B′′m < 0 around λ = 400nm was identified. Even then, the thermo-derivatives
in this regime are much smaller than in the examples above. Yet, although elusive, such
a regime is clearly highly desirable for plasmonic applications, since it gives rise to higher
quality factors and stronger fields. We emphasize, however, that this effect should not be
confused with saturable absorption (= partial population inversion, thus, associated with a
non-thermal electron distribution), which could explain the intriguing “reverse saturable”
scattering observed in [5–8][47].
It is tempting to write the temperature dependent term in Eq. (1) as the product of
the intensity and the cubic nonlinear coefficient associated with the thermal effect, and
similarly for the quintic effect etc.. However, strictly speaking, such as expansion (1) cannot
be regarded as an inherent material parameter, because although it involves the intrinsic
material electromagnetic response of the metal, it also involves, as would happen for any
structure, the size of the nanosphere, and the electromagnetic and thermal response of the
host[48]. On the other hand, the temperature-dependent term (1) cannot be understood
as an effective nonlinearity either, since such a quantity necessarily involves the fill factor,
inter-particle interactions etc..
Thus, the correction to the permittivity, Bm∆T , or its leading order term Bm∆Tlin,
should be understood as a Figure of Merit (FOM) for the nonlinear response. Specifically,
the values of nonlinear coefficients reported in [9] cannot be compared to other reported
values of intrinsic nonlinearity of metals.
Note that our FOM, Bm∆Tlin, is proportional to the absorption cross-section of the
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nanosphere or equivalently, to the Joule number [19]. It, however, includes also information
about the absolute temperature rise for a given incoming intensity and host by accounting
for heat diffusion in the host. Accordingly, while the conventional FOM (Eq. (8) and [17, 19])
is relevant globally for linear optics, in the context of intense illumination, it is useful only
for ultrafast illumination where the thermal properties do not play an important role, i.e.,
when the response is spatially-local. In all other cases, especially the many associated
applications, our FOM should be used. Specifically, our FOM shows that the highest thermal
nonlinearity will be obtained for a dilute host (e.g., gas, or even vacuum), due to its low
thermal conductivity.
The results of the current manuscript are specific to a few nm sphere. However, we believe
that our claims apply also to larger spheres, as well as to particles of other shapes, with only
quantitative differences associated with the non-uniformity of the field and temperature.
The results presented above and the good match to experimental results [14] support
the interpretation of the experimental results of nonlinear scattering of CW light from the
small nanospheres as a thermal nonlinear effect. However, many effects which do not play
an important role in the ultrafast case, may have a non-negligible contribution in the CW
case; these include specifically, stress/strain, partial population inversion due to interband
transitions [18], free-carrier generation, multi-photon absorption etc.. In that regard, our
study identifies several easy measurements that may allow us to establish the dominance of
the thermal effect over all the additional ones.
First, we show that the variation of κh, which appears only in the thermo-optical nonlin-
earity studied here, may enable the isolation experimentally the role of the thermal effect.
An attempt to do that was made in [29], however, this study ignored various additional
relevant factors like the size of the particles that affects the leading order solution ∆Tlin (6).
It also compared composites with different densities (details not provided) that could also
affect the effective response due to the long range nature of the thermal interactions be-
tween adjacent nanospheres. These facts can explain the large discrepancy in [29] between
the theoretical prediction (based solely on the value of the thermal conductivity) and the
experimental observations. A more accurate match requires accounting for all the addi-
tional parameters, including Bκ,h which appears on the quintic order (14), for size effects by
relaxing the assumptions on field and temperature uniformity, as well as for the potential
absorption in the host. Alternatively, one has to compare the measurement of a composite
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to a full effective medium theory for a composite.
Second, the configuration described in Fig. 4 is related, again, with a unique signature
of the thermal effect. However, we emphasize that there is still some uncertainty regarding
the exact values of Bm for Ag, especially due possible differences of morphology of particles
made with different methods (see e.g., discussion in [13]).
Finally, although the most accessible experimental indication for nonlinear scattering
is the far field intensity, there is growing interest in measuring temperature in the near
field [30–35]. Such measurements will give the ultimate evidence regarding the role of the
thermal effect. The formulation, numerical results and analysis described in this manuscript
will provide valuable predictions for such measurements.
In this study, we limited ourselves the thermal effects and modest temperature increases.
Beyond that range, the thermo-derivatives are not necessarily constant, giving rise to further
deviation from the perturbative description. In addition, other effects may become impor-
tant for higher temperatures/intensities, e.g., multi-photon absorption, and non-thermal
effects [49]. In the presence of the latter, one would not be able to use the high temperature
ellipsometry results of [12, 13] which are relevant only for metals are at thermal equilibrium,
i.e., their electrons obey the Fermi-Dirac distribution. Clearly, at even higher temperatures,
the metal would undergo sintering and eventually melting, and the host may get damaged.
As a final statement, this study provides an important step towards the characterization
of the effective response of arrays of particles, which can be regarded as thermo-optical
metamaterials - artificial materials that change their electromagnetic properties under laser
illumination due to temperature rise. These would have to be studied under proper effec-
tive medium theory and beyond the perturbative description, accounting not only for the
electromagnetic interactions between the nanoparticles, but also for the thermal interaction
between them. The latter is expected to have a far longer length scale. This fact, together
with the use of an absorptive nonlinearity, may allow surpassing the limitations detailed
in [4] for highly nonlinear metamaterials.
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